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PROBLEM 3. Recall that
ct = r(Ht +At) ≡ yPt (1)

where yPt is permanent income at time t; i.e., consumption at time t is the annuity value of
total wealth.

At time t+ 1:
yPt+1 = r(At+1 +Ht+1) (2)

Evaluate the value of yPt+1 expected at time t:

Ety
P
t+1 = rEtAt+1 + rEtHt+1 (3)

Subtracting [3] from [2], we obtain:

yPt+1 −Ety
P
t+1 = rAt+1 − rEtAt+1| {z }

zero

+ r(Ht+1 −EtHt+1) (4)

= r (Ht+1 −EtHt+1| {z })
"surprise" in human wealth

Indeed, from the period budget constraint we know that:

At+1 = (1 + r)At + yt − ct (5)

Take the expected value of both sides:

EtAt+1 = Et[(1 + r)At + yt − ct] = (1 + r)At + yt − ct = At+1 (6)

Given the identity in (1) and (Etct+1 = ct) (recall the implicit assumptions behind the martin-
gale property of consumption: 1) r = ρ, 2) quadratic utility), we deduce that permanent income
follows:

Ety
P
t+1 = yPt
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which implies that:
yPt+1 = y

P
t + r(Ht+1 � EtHt+1) (7)

>From the de�nition of Ht+1 :

Ht+1 =
1

1 + r

1X
i=0

�
1

1 + r

�i
Et+1yt+1+i

Substitute this expression into (7) :

yPt+1 = yPt + r

(
1

1 + r

1X
i=0

�
1

1 + r

�i
Et+1yt+1+i � Et

"
1

1 + r

1X
i=0

�
1

1 + r

�i
Et+1yt+1+i

#)

= yPt + r

(
1

1 + r

1X
i=0

�
1

1 + r

�i
Et+1yt+1+i �

1

1 + r

1X
i=0

�
1

1 + r

�i
Etyt+1+i

)

= yPt + r

(
1

1 + r

1X
i=0

�
1

1 + r

�i
(Et+1 � Et)yt+1+i

)
| {z }

��t+1

(8)

The "surprise" in human wealth in t + 1 is expressed as the revision in expectations on future
income.

In sum:

�ct+1 = �ypt+1 (9)

= r(Ht+1 � EtHt+1)

=
r

1 + r

1X
i=0

�
1

1 + r

�i
(Et+1 � Et)yt+1+i

Notice that the change in consumption between t and t + 1 cannot be foreseen as of time t; it
depends on information available at time t+ 1

a) Assume that income follows:

yt+1 = y + "t+1 � �"t (10)

where: y is the mean income, Et"t+1 = 0; and � > 0:

Using (9) compute the e¤ects on consumption of a change in mean income (�y):

�ct+1 = �ypt+1 =
r

1 + r

1X
i=0

�
1

1 + r

�i
(Et+1 � Et)yt+1+i (11)

=
r

1 + r

1X
i=0

�
1

1 + r

�i
�y

= �y (12)
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The increase in mean income represents a variation in permanent income for the consumer.
Therefore, both her permanent income and consumption increase (the size of the increase is �y).
Since the variation in income is entirely permanent, savings do not change.

b) Note that the exercise assumes "t�i = 0 8i � 0; and "t+i = 0 8i > 1 (only "t+1 > 0):

Consequently, we know that:

yt�i = y; for i = 0; 1; :::1 (13)

yt+1 = y + "t+1 � �"t
= y + "t+1

yt+2 = y + "t+2 � �"t+1
= y � �"t+1

and for all i � 2

yt+1+i = y + "t+i � �"t+i�1
= y

To calculate (11) in this case, again we need to compute (Et+1 � Et)yt+1+i :

for i = 0 :

(Et+1 � Et)yt+1 = Et+1yt+1 � Etyt+1 (14)

= (y + "t+1)� y
= "t+1

for i = 1 :

(Et+1 � Et)yt+2 = (Et+1 � Et)(y � �"t+1) (15)

= (y � �"t+1)� (y)
= ��"t+1

for i � 2 :

(Et+1 � Et)yt+1+i = (Et+1 � Et)(y + "t+1+i � �"t+i) (16)

= (y � y)
= 0
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Now we can compute the change in consumption:

�ct+1 =
r

1 + r

1X
i=0

�
1

1 + r

�i
(Et+1 � Et)yt+1+i (17)

=
r

1 + r

"
"t+1 �

�
1

1 + r

�
�"t+1 +

�
1

1 + r

�2
� 0 + :::

#

=
r

1 + r

�
"t+1 �

�
�

1 + r

�
"t+1

�
=

r(1 + r � �)
(1 + r)2

"t+1

< "t+1|{z}
(income innovation at time t+1)

(18)

� Consumption between t and t + 1 increases less than one-to-one with current income. This
result is consistent with the temporary nature of the income innovation.

� The higher is � the lower is the variation in consumption. A positive income innovation at
t+ 1 ("t+1) is compensated by a negative income variation (��"t+1) in the next period!

c) The behavior of savings over time re�ects the expectations about future variations in income:

For a given "t+1 and using the expression for the stochastic process for income (10):

�yt+2 = yt+2 � yt+1 (19)

= (y � �"t+1)� (y + "t+1)
= �(1 + �)"t+1

�yt+3 = yt+3 � yt+2 (20)

= y � (y � �"t+1)
= �"t+1

�yt+4 = yt+4 � yt+3 (21)

= y � y
= 0

In general,
�yt+1+i = 0 8i � 3 (22)

After period t+ 3, income is not expected to vary any further.
Now let us have a look at savings
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St � yDt � ct = yDt � yPt = (yt + rAt)� r(At +Ht) = yt � rHt =

= yt � r
"

1

1 + r

1X
i=0
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1

1 + r

�i
Etyt+i

#
=

1

1 + r
yt �

 
1

1 + r
�
�

1

1 + r

�2!
Etyt+1

�
 �

1

1 + r

�2
�
�

1

1 + r

�3!
Etyt+2 � ::: = �

1X
i=1

�
1

1 + r

�i
Et�yt+i

(Note that
r

(1 + r)
i
=

�
1

1 + r

�i�1
�
�

1

1 + r

�i
)

The behavior of savings in t+ 1 and t+ 2 is, therefore, as follows:

St+1 =
1

�
X
i=1

�
1

1 + r

�i
Et+1�yt+1+i (23)

= �
(�

1

1 + r

�
� (�(1 + �)"t+1) +

�
1

1 + r

�2
�"t+1 +

�
1

1 + r

�3
� 0 + 0 + :::::+ 0

)

= �
�

1

1 + r

��
�(1 + �)"t+1 +

�
1

1 + r

�
�"t+1

�
=

�
1 + r(1 + �)

(1 + r)2

�
"t+1 > 0

St+2 =
1

�
X
i=1

�
1

1 + r

�i
Et+2�yt+2+i (24)

= �
(�

1

1 + r

�
� �"t+1 +

�
1

1 + r

�2
� 0 + :::::+ 0

)

= �
�

�

1 + r

�
"t+1 < 0

� In t + 1 part of the higher level of income is saved - since the consumer recognizes it�s a
temporary innovation. The agent forecasts further variations of income in the future (yt+2 =
y � �"t+1):

� In t + 2, income is temporarily lower than its mean level (yt+2 = y � �"t+1) and the agent
consumes the savings accumulated in the previous period: in t+ 2 savings are negative!

EX 4. a) The marginal utility of consumption is given by:

u0(c) =

�
a� bc if c < a

b
0 if c � a

b

�
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Graph the marginal utility function:

Note the convexity of the marginal utility function in the neighborhood of c = a
b , where it takes

a zero value.

>From theory, recall that a convex marginal utility presumes a precautionary motive for saving ;
i.e., the agent saves more in reaction to an increase in uncertainty (this reaction contrasts with the
certainty equivalence property characterizing optimality in the case of a quadratic utility function).

b) Set up the expected-utility maximization problem faced by the agent:

Max
fct+i; i=0;1:::g

Ut = Et

" 1X
i=1

�
1

1 + �

�i
u(ct+i)

#
(25)

st At+i+1 = (1 + r)At+i + yt+i � ct+i i = 0; 1; 2:::

At given

Solve the period budget constraint for ct+i and plug the result into the objective function:

Max
fAt+i+1; i=0;1:::g

Ut = Et

" 1X
i=0

�
1

1 + �

�i
u((1 + r)At+i + yt+i �At+i+1)

#
(26)

Since there are only two periods (i = 0; 1), rewrite (26) as:

Ut = Et

264u�(1 + r)At + yt �At+1| {z }
�

ct

+

�
1

1 + �

�
u

�
(1 + r)At+1 + yt+1 �At+2| {z }

�
ct+1

375 (27)

Derive Ut with respect to At+1 and set @Ut
@At+1

= 0:
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foc:

Et

�
�u0(ct) +

�
1

1 + �

�
� u0(ct+1)(1 + r)

�
= 0 (28)

Rearranging this equation we obtain:

Et

��
1 + r

1 + �

�
� u0(ct+1)

�
= u0(ct) (29)

or �
1 + r

1 + �

�
Etu

0(ct+1) = u
0(ct) EULER EQUATION

Assume r = � = 0 and denote t = 1 and t+ 1 = 2:

u0(c1) = E1 [u
0(c2)] (30)

(This is the required �rst order optimality condition.)

As stated in the exercise y1 = a
b is known with certainty.

1. If � = 0,
y1 = y2 =

a

b
� y (31)

>From the marginal utility function, when
c1 � y1 � y = a

b =) u0(c1) = 0
c2 � y2 � y = a

b =) E1u
0(c2) = 0

Then

u0(c1) = E1 [u
0(c2)] = 0 (32)

when c1 = c2 = y = a
b is an equilibrium

Thus, the �rst order optimality condition is satis�ed when consumption is equal to current
income in each period and savings are equal to zero:

c1 = c2 = y =
a

b
is an equilibrium (33)

2) Now suppose that � > 0 and c1 = a
b :

Income in period two is:

y2 =

�
a
b + � = c1 + � > c1 with probability 1=2
a
b � � = c1 � � < c1 with probability 1=2

�
Continue to assume that total income is consumed in both periods (as in part 1):

y1 = c1 =
a

b
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y2 = c2 =

�
a
b + � with probability 1=2 (zero marginal utility)
a
b � � with probability 1=2 (positive marginal utility)

�
In period 2, the agent would consume (ab + �); with zero marginal utility, in half of the cases

and (ab � �); with positive marginal utility, in the remaining half of the cases. Therefore,

E1[u
0(c2)] =

1

2
� 0 + 1

2
�K > 0 (34)

K � arbitrary positive number

However, notice that if E1[u0(c2)] > 0 and u0(c1) = 0; the �rst order optimality condition [30]
is violated! This means that c1 = y1 and c2 = y2 is not an equilibrium with � > 0. The presence
of uncertainty (� > 0) about future labor income induces the agent to consume less than a

b in the
�rst period (precautionary saving). But how much is c1?

1. Notice the following:

c2 = y2+ (y1 � c1| {z })
savings at time 1

=

8><>:
�
a
b + �

�
+ y1 � c1 =

�
a
b + �

�
+ a

b � c1 �
zero marginal utility

cH2 (c1) with prob 1=2�
a
b � �

�
+ y1 � c1 =

�
a
b � �

�
+ a

b � c1 � c
L
2 (c1) with prob1=2
positive marginal utility

9>=>;
2) Impose the �rst order optimality condition:

u0(c1) = E1[u
0(c2)]

=)
a� bc1 =

1

2
[a� bcL2 (c1)] +

1

2
� 0

=)
a� bc1 =

1

2
[a� b(2a

b
� � � c1)| {z }
cL2

]

=)
c1 =

a

b
� �
3
= y1 �

�

3
(35)

Consumption in period 1 is decreasing in � : uncertainty about future labor income induces the
agent to save for a "precautionary" motive.

In other terms:

" �|{z}
higher uncertainty

)# c1 : " "precautionary" saving in period 1 (36)
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