3A. Extension: precautionary saving

Microfoundations

Motivations to save in basic rational expectations/permanent income model:
e expected declines in income
°*r>p

= no role for uncertainty on future labor incomes in determining savings: no
“precautionary savings”

The role of uncertainty is limited by the assumption of quadratic utility = linear
marginal utility, implying:

Eu'(c) = (E(c))

= only expected values matter (other characteristics of the distributions of
y and ¢, e.g. variance, are irrelevant): an increase in uncertainty (with un-
changed expected values) does not cause any reaction by agents (“certainty
equivalence” assumption)

If «/(c) is a conver function, consumers display “prudent” behaviour, reacting
to an increase in uncertainty by increasing savings: precautionary saving

u'(¢) convex : u”(¢) >0

Note: to have risk aversion: u"(c) < 0 (also with quadratic utility)
to have prudence: u"”(c) > 0 (with quadratic utility: «”(c) = 0)

Ezample: two periods (t and ¢t + 1), A; = 0; labor incomes:

y; = ¥y with certainty

yfl,  with prob. 1/2
Yey1 = with 41, >y,
yr., with prob. 1/2

No “standard” incentives to save: assume
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o Lyy1 =9

e r = p (= 0 for simplicity)

F.o.c. :
u'(cr) = Epu'(ceyn)

saving and consumption:
int : ss=y—c
H H
int+1 : CtL“}:(yj—ct)—l—{yt“

L

St

Using sy, f.o.c. becomes:
u(g — st) = By (W (yeg1 + 50))

e with quadratic utility u" (¢) = 0 ( linear marginal utility):

By (v (ypr +50) = o (Ey(yesr + 50)) = v/ ( By yegr + 5¢)
7
=u(g—s) = W({H+s) = s5=0

e with convex marginal utility «”'(¢) > 0 and /(E; (.)) < Epu/(.) (Jensen’s
inequality):

fors, = 0: u(¢) <Eu (1) = fo.c violated

) ¢l and u(c¢)T
fors, > 0: { T and Bl (i) | = f.o.c. holds

Implications

The precautionary saving motive determines an upward optimal consumption
path. The steepness of the path is related to the consumer’s degree of prudence.
Let r = p and take the f.o.c.

u'(e;) = Eyu'(cryn)
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The r.h.s. can be approximated using a second-order Taylor expansion around c;:
1
Eiu'(ci1) ~u'(c) + By v () (i1 — ) + §Et u” (¢r) (cry1 — cr)?
f.o.c. becomes

1
0 = u(ct) By (copr — ) + 3 u"(cr) By ((cer1 — 1))

= E(agp—a) = 3 ! E, ((Ct+1 - Ct)Q)
dividing both sides by ¢;

g (an—a)_ _lau(c) o [ (e —c ?
¢ Ct 2 u'(cy) ! ¢

_au(cr)
u(ct)

E, (CtJrlC_ Ct) _ % » B, ((Ctﬂc— Ct>2)
t t

expected consumption

and defining the coefficient of “relative prudence” p =

measure of consumption

growth rate variability due to uncertainty

1—
Important special case: CRRA utility function u(c;) = & =1 and r #£p

1—y
_ 1+7r _ 1+7r ce1 |
f. C. v == —E v :> ]_ = E —_—
0.C. ¢ 1_|_pt(ct+1) 1+p t <Ct)
. 1) |
inlogs 0 = (r—p)+log B, | —
Ct

Assume the following: Alog ¢;y1 ~ N(FE; Alog ¢i11,0%) and make use of the
property of lognormal distributions:

1
log E (z) = E (log x) + 5 var (log x)
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y
here z = (%) with log © = —y Alog ¢y 1 ~ N(—7y E; Alog ciy1,7? 02):

log E
0g Iy o 5

Ct+1 - 1 2 2
— = —y E; (Alog ciy1) + 577 0,
in f.o.c.:

1
0 = (T._p)_’YEt(A].OgCt+1)+§f)/2O—z

= B (Alog ) = —(r=p) +  jo?
precautionary

saving effect

3B. Extension: consumption and asset allocation

Basic Consumption Capital Asset Pricing Model (CCAPM)

Many financial assets with stochastic returns

n assets with uncertain returns 77 (j =1, ..., n)

A{ 4, - stock of asset j held at the beginning of period t + ¢

A =00 Al : stock of financial wealth

r{ ;41 © return on asset j in period ¢ + i not known at the beginning of ¢ +1¢
= Al =0+ rl0) A

Problem: A
o 1 (2
max U, = E; E (—) u (Crti)
{Ct+i7Ag+i} i—=0 1 + p
subject to

n

Z A = Z (L4 77 4i0) A+ Y — G (1=0,..00)

j=1 j=1
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Solution:

: 1 : :
f.o.c. (for i =0) u (¢) = T, Ey [+ 7l (cp)] (j=1,..,n)

1 Ul (Ct+1)
1+p ' (c)
N———

stochastic discount factor.

= 1=E [(141]) M)

= 1=F | (1+7,)

where M, = ﬁp% SDF (marginal rate of intertemporal substitution)

Theoretical implications

Using the property:

Ey [(L417) M| = Ey (141],,) By (Myg1) + cove (rlyy, Myi)

we get:
, 1 .
E(1+r )=———|1- M, APM 1
 (1+ 7"t+1) B, (M) [ Covy (Tt—|—17 t+1ﬂ (CC )
If one of the assets is riskless, with certain return r°:
1
1+ = ———— CCAPM 2
t+1 Et (MtJrl) ( )
Combining CCAPM 1 and CCAPM 2 :
Ly 7‘?}1 - 7”1?-4—1 =—(1+ 7"7(5)4—1) COvy (Tngl? My+1) (CCAPM 3)
N———

equity premium

Ezample: assuming “power utility” (CRRA), for each asset j we get:

j 1 Ct41 -
1+7r ) — [ —
(+Tt+1)1+p(6t> ]

(1) (—)]
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In logs:

0=—p—+log E;




Distributional assumption: growth rate of consumption and asset returns are
(conditionally) jointly lognormally distributed. For generic random variables z
and y:

1
log Bt (ze41y1+1) = Ei (log (Te1ye11))  + 5 Yan (log (z441Y1+1))

Eillog (zt41ye+1)—Et(log (zt+1ye+1))?]

Using this property:

j Ct+1 -
(T+74) o

t

; 1
10g Et = Et (Tngl — yAlog Ct+1) + 523

where

; ; 2
Yj=E [((Tg+1 —yAlog ¢i1) — By (riy —vAlog Ct+1)) ]

(the expectation is not conditional on ¢ if we assume conditional homoscedasticity
of asset returns and consumption)

; 1
= Etrngl:’}/EtAlOgCH_l‘i‘,O_Ezj
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Note:

(i) the f.o.c. can be expressed as Euler equations:
E, Al ! (Eyr] ) + L5,
og cry1=— (B, — — 3
t g Ct+1 ~ tTv1 — P 2y 7

(ii) the f.o.c. is a relation between the expected consumption growth rate and

the expected returns on all assets, given by %
(ili) calculating 3;:

Y, = E [((rg+1 — Eyrl,y) — 7 (Alog e — By Alog i) ]

= \E [(Tg-&-l - Eﬁﬁl)ﬂ/ + 72\E [(A log ¢;41 — Ey A log Ct+1)2l
o2

g

2
7;

—QV\E [(7"{+1 - Etrﬁﬂ) (A log ey — By A log Ct+1)]

v~
Ojc

= 012-+”y203 — 270

The three basic CCAPM relations become:

2 2 2

Eirlpy =7 B A log e +p— = — 225 + 50 (CCAPM 1)
For the riskfree asset 0. = 0% =0 :
2 02
riv = vEAlogey 4+ p— = (CCAPM 2)
Premia on risky assets:
o2
; (CCAPM 3)

(Ey Tg+1 - r?ﬂ) + ) =7 0jc

J

Vo
adjusted excess return
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Empirical evidence and puzzles

Selected facts (mainly for US but confirmed in cross-countries studies):

1. “high” real average return on stocks (US S&P index: 8.62% per year 1950-
1999)

2. “low” real average return on “riskless” bonds — riskfree real rate (US T-
bills: 1.99% per year 1950-1999)

3. positive and very smooth real consumption growth (for non-durables & ser-
vices: 2% annual growth rate with 1.1% standard deviation)

4. relatively low correlation between consumption growth and stock returns
(0.22 at quarterly horizon)

Implications for the interpretation of the joint behavior of asset returns and con-
sumption:

= (1) and (2) imply a high expected excess return on stocks (high equity pre-
mium)

theory: CCAPM suggests an explanation in terms of:

(i) covariance between consumption and stock returns, o,

(ii) degree of agents’ risk aversion, =y
but:

= (3) and (4) imply that o}, is low, so a very high - is needed to generate the
observed premium:

— equity premium puzzle
Is the hypothesis of a very high ~ consistent with facts (1), (2) and (3) ?

with high risk aversion:

— strong incentive to transfer purchasing power to periods of low
expected consumption levels
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— given consumption growth (see fact (3)) there should be a tendency
for consumers to borrow heavily in capital markets, generating an
upward pressure on (the general level of) interest rates,

but:

= the relatively low observed interest rate (fact (2)) implies that the consumers’
intertemporal rate of time preference is very low (even “negative”: agents are
very “patient”). Only extremely low rates of time preference could reconcile
consumption growth with low interest rates:

— riskfree rate puzzle

New directions: more general specification of preferences
General insight: to explain the high equity premium, additional variables are
needed in the utility function affecting marginal utility -and the stochastic dis-
count factor- in a non-separable way. For a generic variable z:

E(r)—r° = — e oy (r, Alogc) +
Ue Ue

ZUey

cov (1, 2)

One possibility is: (external) habit formation in consumers’ behavior (Campbell-
Cochrane, JPE 1999) — introduce time non-separability

- intuition: people get accustomed to a standard of living and a decline in
consumption after some time of high consumption (i.e. a recession) hurts
more in utility terms

- extension of utility function:
(Ct — It)l_’y -1
L—v
where = level of “habit” and v is the power parameter (not capturing

risk aversion). The relation between the current level of consumption and
“habit” is captured by the surplus consumption ratio s; = ct;“ so that:

(e, my) =u(e —ay) =

. —qu
e (sic) = (51¢0) 7 = == Ny = uk
Ue St

risk aversion (“curvature” of marginal utility) 7 higher than power parameter
and time-varying according to the surplus ratio: people are more risk averse
when consumption falls towards habit

21



- implication for equity premium:

; 1 CHTE N AT S .
V) —— (22 hia —1,.
( +rt+1)1+p(8t> o J y ool

with distributional assumptions:

foc. 1=E

o
2

2
J 0 J _ )
(Et Ti41 — Tt—&—l) + = "1 0jc

higher risk aversion may explain high premium even with low consumption-
return covariance

- implication for riskfree rate. A higher risk aversion does not imply a higher
riskfree interest rate (‘“riskfree rate puzzle”) due to a strong precautionary

savings effect:
1

2
739+1 =y E;Alogci +p— 5 (%) Og
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Problems
1. Assume the following general stochastic process for labor income:
Yer1 =AY+ (1= ANy +ep

and consider the two polar cases: (i) A = 0 and (ii) A = 1. Calculate the
effect of an income innovation €41 on savings in t + 1 (s;11) and on savings
and disposable income in subsequent periods (s;,; and yﬂi for i > 2).

2. With reference to the same stochastic process for labor income

Yer1 =AY+ (1= A) g+ e

check that the consumption function (expressing ¢, as a function of A, y,
and 7) has the following form:

r n 1—-A
1+T—)\yt 14+7r—AX

Y

g =rA+

Comment on the two particular cases: A =0 and A = 1.

3. Using the basic version of the rational expectations/permanent income model
with quadratic utility and » = p, assume that labor income is generated by
the following stochastic process:

Y1 = Y+ Eqp1— 06 (6 >0)
where 7 is the mean value of income and FE;e;,1 = 0.

(a) Discuss the impact of an increase in mean income y (Ay > 0) on agent’s
permanent income, consumption and savings;

(b) now suppose that, in period ¢+ 1 only, a positive innovation in income
occurs: €;47 > 0. In all past periods income has been equal to its
mean level: y;_; = y for i« = 0,...00. Find the change in consumption
between ¢t and t+1 (Acsy1) as a function of £, 1, providing an economic
intuition for your result.

(c) with reference to question (b), discuss what happens to savings in
periods t + 1 and ¢ + 2.
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4. Consider the optimization problem of a consumer living only two periods

with consumption levels ¢; and ¢y and labor incomes y; and . The utility
function u(c) has the following form (with a,b > 0):

(© (:Lc—gc2 for c<3
u\c) = 2
5 for c>3

(a) Plot marginal utility «’ as a function of consumption c;

(b) assumer=p=0,y =

|

Solve the consumer’s expected utility maximization problem (writing
down the first order condition linking ¢; and ¢;), find the values of ¢;
and ¢y with ¢ = 0, and discuss the effect of ¢ > 0 on ¢;.

(with certainty) and

SIS

+ o with probability 1/2
— o with probability 1/2

SHISESHIS)
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