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Aims:

1. analysis of the consumption /saving choice for forward-looking, rational agents
in a dynamic, stochastic environment;

2. application of dynamic optimization methods in discrete time.

Topics:
1. optimal consumption choice in the basic dynamic model:

- basic problem set-up and assumptions;
- solution and optimal dynamics of consumption/saving;

- relationship between income, consumption and saving.
2. empirical issues:

- excess sensitivity to anticipated income changes;

- excess smoothness to unanticipated income changes.
3. extensions:

- A: role of precautionary savings;

- B: joint consumption/asset allocation choices (with stochastic interest
rates) — CCAPM model.

1. Intertemporal optimization problem: set-up and solution
Basic framework:
infinite-horizon “representative agent” in an uncertain environment:

- maximizing an intertemporal utility function

- forming rational expectations on future values of relevant variables



At time t the agent

max  U(c, ciyq,...) = Uy
{et44;i=0,1,... }

subject to the budget constraint (with i =0,...,00)

Appirt = (L4 740) Avps + Yeri — Cops

Ay financial wealth at the beginning of period t + i

Yi+i and ciy; @ labor income and consumption at the end of period t + ¢ (timing
convention)

ryy; ¢+ real rate of return of financial assets in period ¢ + i, assumed constant:
Ttvi =T

Assumptions on preferences:
e intertemporal (time) separability:
U (Ct, Cti1, ) = V¢ (Ct) + Va1 (Ct+1) + ...

where v;1; (¢;4+;) = valuation in ¢ of utility derived from consumption at ¢+
(with v' > 0 and v"” < 0) = “habit formation” and durable goods are ruled
out

e future utility discount of the form

Vpri (Cryi) = (Lyu (ct+i)

1+p

where p > 0 is the agent’s rate of time preference
= no “dynamic inconsistency” of preferences

e capected utility as objective function (with uncertainty):

U =F (Z Vt+i (Ct+i) | It)
i=0

where [; is the information set available to the agent at time ¢

= jointly with time-separability, this assumption on U generates an inverse
relationship between the elasticity of intertemporal substitution and the de-
gree of risk aversion (two theoretically different concepts)
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The agent’s problem becomes:

max Ut = Et

{ct+i,1=0,1,...

subject to the budget constraint (with i =0,...,00):
Aprivt = (L4+7) A + Yewi — Crai A given
Ey[-] : rational expectation formed at ¢ on the information set /; (including y;)

Note: given a generic variable x;,; for which Fiz;; = E(xy; | I;), the
rational expectations assumption implies that F; (x4 — E(xey | I;)) = 0
(the forecast error is uncorrelated with variables in the information set ;)

The one-period budget constraint can be used to derive the intertemporal budget
constraint (by repeated forward substitution of A;y;):

1o/ 1Y 1y 1 =/ 1\
— ) ot () A= i+ A
1+7’Z(1+r> Ct++<1+r) s 1—1—7"2(1—1—7") Yori + 4

i=0 =0

A is allowed to be negative (no liquidity constraints), but debt cannot grow at a
rate larger than r (no Ponzi-game condition):

1 J
li — ) A >0
JLI?O (1—1—7’) =

Therefore, letting j — oo :

1 /1Y 1 /1Y
Cti = Yevi + Ay
1+7“Z<1+7“) T+r4 (1-|—7“> ~—
N =0 _ N i=0 _ initial financial wealth
present value of consumption flows present value of labor income flows

The intertemporal budget constraint must hold also in expectation:

- 1\ R 1\
1—1—7"21,:0 (1—|—r> b Cirt 1—}—7“;[) (1—!—7“) tYeri T Ae ()
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Solution:

from the maximization (given A; and the terminal condition on financial wealth):

max Ut = Et Z (—) u ((1 + T>At+i — At+i+1 + yt-i-i)

Aiys P 1+ P
1+7r
= fo.c B (cy) = T ,oEt ' (Crritt)
fort:=0: L+
/ r / .
= E Eul t
u'(¢y) T, v (Cryn) uler equation

— optimal dynamic path for marginal utility of consumption. Given u” < 0 this
implies:

1 > ¢ if r>p

a1 < ¢ if r<p

1 = ¢ if r=p

By how much consumption changes in response to r — p (= intertemporal sub-
stitution) depends on the shape of the marginal utility function, measured by
u//(c)
w/(c)

example (with certainty): CRRA (constant relative risk aversion) utility

function -
¢ -1 cu’(c)
u(cy) = —— =—
@I TE T
for which u'(¢) = ¢ and 7 is the coefficient of relative risk aversion. The
Euler equation is:

>0

— 14r _ 1) 147
G = = (a) -
1+p ct 1+p

Taking logs and using log(1 + r) ~ r and log(1 + p) ~ p :
1
Alogepr = 5(7” - p)

v : (relative) risk aversion < % . (elasticity of) intertemp. substitution



Level and dynamics of optimal consumption:

defining
U,(Ct+1) - Etu,(ct—l—l) = T/tJrl

we get:

+p
I rU/(Ct) T Ny

Assuming r = p, the stochastic process governing the dynamics of marginal utility
18:

U'(Ct+1) =

U (cqr) = v () + Ny

with Eyn,,, = 0 (by rational expectations)
To derive implications for the dynamics of consumption we assume
quadratic utility — linear marginal utility:

u(c) =c— (b/2) ¢ — U(c)=1-bc
obtaining the random walk model for consumption (Hall 1978):
Cy1 =Gt w1 =  Eiopn =

with w1 = —%ntﬂ = Fupy =0

= the best forecast in ¢ of consumption in ¢+ 1 is simply current consumption ¢,
(the change in consumption ;1 is orthogonal to any variable in the information
set used to form E;cy1)

To derive the consumption function use the intertemporal budget constraint (*)
and note that

Eicipn = FEiypo= ... = Eieyi = .= ¢

1 & 1\’ 1
= E - E L=
1+7r <1+r) tCeti Tct

1=0

permanent income

r(H¢+ A) is the return on total wealth (annuity value), i.e. “permanent income”
— current consumption is equal to permanent income



To give economic content to the (unforecastable) change in consumption w1,
note:

P P
Up1 = Cp1—C=Cp1— FBrepn =y — By

yirl — E; yt]jrl = r(Hyr— Ey Hypr) +7 (A — By Aya)

N J

~
taking expectations of the one-period budget constraint in ¢ :
EAg=1+rEA+Ey—Eoag=0+rA+y—ca=A44

To construct the “surprise” in human wealth, using E; Ey1(.) = E; (.) :

H,.,—FE, H, = — | FE ;= — E E, (F ;
t+1 t 41441 11r - <1+7“) t+1 Yt+1+i 117 - (1—1—7“) t( t+1 yt+1+z)
= E,.{—F i
\1—|—7’ £ (1+r) ( t+1 t) yt+1+/

Vv
present value of revision in expectations of future labor incomes

Therefore:
Y = Y T 1 Jlr . i (1L+T)z (Ery1 — By) Yesr4i (**)
i=0
N ~- ,
= Cty1 = Ct + U

Optimal savings:

optimal consumption choice has implications for savings and financial wealth ac-
cumulation
Define disposable income:

yl =1 A+
and saving (using optimal consumption choice):
s=y —a= Y~y =y-rH
——

transitory income
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— financial wealth A is increased (decreased) when current income is higher
(lower) than the annuity value of human wealth: buffer role for financial assets

fe’e) 7
= 5 = ( > Eyiyi

e )
) ( ))Ey++

( ) Ei Ay where Ay, i = Vi — Yeria

Q
>

— “saving for a rainy day” behavior: financial asset accumulation when labor
income is expected to fall

Consumption, savings and current income:
theory predicts:

Yt ? Yy G

depends on
revisions of future
expected labor incomes

To derive the link between current income and consumption assume a stochastic
process generating labor income (first-order autoregression):

Yer1 = Y + (1 = N)J + €441, FEier1 =0

where 0 < A < 1 and ¥ is the unconditional mean of the process. Realizations
of the “innovation” component ;.1 at ¢ + 1 cause revisions in expected values of



future labor incomes; e.g. for y; o:

EiiYiys = M+ (1 =Ny
= MM+ 1 =N +e] +(1 =Ny
My 4+ (14+A) (1= N7+ Aes

By = Ny +(1+XN) (1 =Ny

= Ei1yire — EYire = Aepq
In general: .
EiYivivi — Bypivi = Ner Vi>0

Using these revisions in expected future incomes in (**) yields the change in
consumption:

r
Ci11 = Ct + <m) Et+1

Given an innovation in current income &;,1, permanent income and consumption
change by (1—&-7“+>\) €¢141. Transitory income amounts to

r 11—
———&1 = T———¢€
Lhr— X o\t

which is saved and added to the existing financial wealth.

Et+1 —

The magnitude of the response of consumption to an innovation in income depends
crucially on the degree of persistence of the stochastic process for y, captured by
A e.g.

- A = 0 (no persistence): innovation is entirely transitory. Human wealth
-evaluated at the beginning of period ¢ + 1- changes by l—irgtﬂand

r
= 13
Cit1 = Ct + (1 n r> t+1

- A = 1: innovation has permanent effects on income (random walk) v, =

Yt + €411 Human wealth changes by Et% and

Ci41 = Ct + €41



2. Empirical issues

Basic implication of rational expectations/permanent income theory (with quadratic
utility):

— change in consumption orthogonal to variables in the agents’ information
set: e.g. in equation

Act—l—l = ()éAyt+€t+1

theory implies : a =0
if past incomes are in the agents’ information set at time t : orthogonality test
(Hall 1978)
More recently, two main lines of empirical research:

(a) test if consumption reacts to changes in current income as predicted by
theory: — excess sensitivity

(b) test if consumption reacts to innovations (i.e. unanticipated changes) in
income as predicted by theory: — excess smoothness

FExcess sensitivity

Test procedure (Flavin 1981) based on two equations:

Euler equation = Cir1 = Ct + Upp1

stochastic process for income = Aypr = p+ XAy + e

According to theory:
realization of €;,; — revision in expectations of future incomes — change in
current consumption ¢y

Cey1 = ¢+ 0

where 6 measures the effect of income innovations on permanent income
= if reaction of ¢ is larger than e : “excess sensitivity” of consumption to current
income
Empirically:
Aciyr = BAY1 + 01 + v
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V41 : effect on consumption due to news about ¥ not included in current income
According to theory: S = 0 (the signalling effect of current income is captured by
Oe); if B> 0 : excess sensitivity to current income = current consumption reacts
also to anticipated changes in income

Link with orthogonality test:

Aciyy = Bp+BAAY + (04 B) a1 + v

S = 0 implies « = 0in Hall’s test
Notes:

e Flavin’s test more “powerful”: excess sensitivity can be detected even when
«a = 0 in Hall’s test (Ay; not good predictor of Ay, 1)

e Flavin’s test yields a quantitative measure of excess sensitivity to current

income: (3 (0.36 in original US estimates)

Fxcess smoothness:

Original insight of permanent income theory (in Friedman’s version):

= consumption shows lower variability (is “smoother”) than current income be-
cause it is related to permanent income, presumably less volatile

With rational expectations changes in permanent income are precisely related
to innovations in current income — importance of persistence in the stochastic
process generating income

Empirically:

(aggregate) income is a non-stationary variable: an innovation in income at
time ¢ has permanent effect on the level of y

= implication: permanent income and consumption should display greater (not
smaller) variability than current income

Ezample: let income follow the stochastic process (AR(2)):

Ayyr = p+ XAy +en

= Y1 = P+ 1T+ Ny — Aye1 + e
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For a general stochastic ARMA (autoregressive moving average) process of
the form

a(L)yr1 = p+ (L) era

where a(L) and b(L) are polynomial in the lag operator (Liz; = z;_;):

CL(L) = a0+a1L—|—agL2+...
b(L) = bo+bL+bL*+..

the following property holds:

- Z < ) (Bivr — B) Y10 = r_2ico (1+T)< Et+1

1+7r 1+ 1+ 7N\ ( 1 )z .
N i=0 > im0 ) @i
change in permanent income due to ¢41

J/

For the above income process:

a(l) = 1—(1+MNL+A\L?

b(L) = 1
r 1
= Acy1 = y)il _yf = 5 Et+1
L+r1— 21+ 0+ (3)°A
147
= A —_
Ct+1 Tor— Et+1
= if A > 0 then Ay, = Acyiq > &4 and
147 -
OAc = 0O¢ O¢
consumption l+r—A current income
variability variability

but in the data (US) typically oa. < 0. = excess smoothness
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